Cell crawling is an important biological phenomenon because it underlies coordinated cell movement in morphogenesis, cancer and wound healing. This phenomenon is based on protrusion at the cell's leading edge, retraction at the rear, contraction and graded adhesion powered by the dynamics of actin and myosin protein networks. A few one-dimensional models successfully explain an anteroposterior organization of the motile cell, but don't sufficiently explore the viscoelastic nature of the actin-myosin gel. We develop and numerically solve a model of a treadmilling strip of viscoelastic actin-myosin gel. The results show that the strip translocates steadily as a traveling pulse, without changing length, and that protein densities, velocities and stresses become stationary. The simulations closely match the observed forces, movements and protein distributions in the living cell. r
Introduction
Understanding the mechanics of cell crawling is important for explaining cancer cell metastasis, skin fibroblast migration in wound healing and white blood cell locomotion during tissue inflammation [1] . These cells crawl on surfaces by using a simple mechanical cycle [1] consisting of protrusion, adhesion, and contraction. The gel of actin polymers protrudes at the cell front and pushes out the cell's leading edge. Next, the cell strengthens its adhesions to the surface at the leading edge and weakens them at the rear edge. Finally, myosin molecular motors contract the actin gel enabling the cell to pull up its rear. In reality, these steps take place continuously and simultaneously in a coordinated fashion, with many other molecules involved in regulation of the cell speed and shape.
Significant progress has been made in understanding the molecular events of protrusion, adhesion, and contraction as well as the structural organization and biophysics of the migrating cells [2] [3] [4] [5] . However, the mechanics of cell crawling is still not understood in detail. Perhaps the most important information comes from Ref. [2] , which reports results of electron microscopy of fish keratocyte cells. These cells ''glide'' on surfaces at constant speed without changing their shape, and they are for the most part remarkably flat. At the
Physical model of the 1D actin-myosin gel strip
The geometry and physics of the 1D physical model of the viscoelastic actin-myosin gel strip stretching in the anteroposterior direction are illustrated in Fig. 1 (the cell is shown schematically from a side view). The xaxis follows the migration direction in the lab frame of reference. At the cell front (which has the time dependent x-coordinate f ðtÞ) the actin fibers grow with the polymerization rate V p , while at the rear (coordinate rðtÞ) the fibers shorten with the depolymerization rate V d . We assume that V d is a constant, while V p decreases as the cell length increases according to the formula where V 0 is a constant, L 0 is a characteristic cell length scale, and L ¼ ðf ðtÞ À rðtÞÞ is the cell length. Implicitly, this assumption stems from the fact that as the cell elongates, more actin is included into the F-actin network, and less of it exists in the monomeric form. Actin monomers dissociating at the rear diffuse to the front and assemble onto the tips of growing actin fibers, and when there are fewer actin monomers, the polymerization rate slows. We also assume that the process of diffusion is relatively fast and not rate-limiting. The actin network in many cells has been characterized as a viscoelastic material [7, 10] . Some experiments suggest that a simple Kelvin-Voight model-a spring in parallel with a dashpot (Fig. 1) -is an appropriate description of such a network [7] for short time scales. According to this model, if a force is applied, then the network deforms gradually due to effective viscous drag. In the steady state elastic stress equilibrates with the applied force. In the framework of this model, the gel's deformations are described with uðx; tÞ-the displacement vector [18] : uðx; tÞ ¼ x 0 ðx; tÞ Fx 0 , where x is the coordinate of the unperturbed material point, and x 0 ðx; tÞ is the coordinate of that point at time t. There are active forces created from the interaction of actin and myosin, as well as passive viscoelastic forces in the gel, and the attachment forces between the cell and the surface. We describe the attachments as purely viscous dashpots (Fig. 1) , so in the model if the cell is pulled along the surface, it will glide with constant speed, continuously breaking and creating the adhesion complexes. The main force-balance equation of the model is
where bðxÞ is the effective adhesion viscous drag per unit area. Multiplied by the local velocity of the gel, v ¼ qu=qt (Fig. 1) , it becomes the traction force that the cell applies to the surface. This force is equal to the derivative of the total gel's stress s, which is a combination of passive stress (elastic and viscous) and active stress due to actin-myosin interaction. The factor h (the height of the cell) is necessary to account for the superposition of forces along the vertical gel transect applied only to the lower surface of the gel strip. The total stress is given by the following expression: Here EðxÞ is the gel's elastic modulus (Fig. 1) , and the corresponding term is the elastic stress proportional to the strain qu=qx. The gel's viscosity coefficient is mðxÞ (Fig. 1 ) and the corresponding term is the viscous stress proportional to the rate of change of strain [19] . Finally, TðxÞ is the active myosin-generated stress. Note that the positive sign of TðxÞ corresponds to contraction of the gel.
The natural boundary condition at the front and rear edge are zero internal stresses:
Note that in Ref. [16] the non-biological condition of finite ''protrusion'' stress was used at the front. It's important to note that the mechanical properties of the gel change with position depending on the density of the actin network. We describe this density with the variable aðx; tÞ governed by the conservation law:
where G is the constant rate of actin depolymerization, and the first term in the right-hand side describes gel's drift with local velocity v ¼ qu=qt (Fig. 1 ). We assume that at the edges the cell maintains F-actin at constant normalized density:
We assume that both the elastic and viscous coefficients of the gel, as well as the adhesion viscous drag, are proportional to the local F-actin density:
EðxÞ ¼ E 0 aðxÞ; mðxÞ ¼ m 0 aðxÞ; bðxÞ ¼ b 0 aðxÞ.
Here E 0 ; m 0 ; b 0 are the characteristic values of the parameters corresponding to the maximal (non-dimensional) F-actin density a ¼ 1. The first two relations agree with experimental indications that the mechanical moduli correlate linearly with the F-actin density [6] and with theoretical arguments [20] . However, the proportionality of the adhesion viscous drag to the F-actin density is not directly supported by observations. (All previous models used more complex assumptions about graded adhesion.) But this assumption can be justified if some process of rapid association/disassociation of adhesion complexes with actin fibers is limited by the F-actin density. We will demonstrate that this assumption leads to an adhesion distribution that agrees well with observations. We describe the myosin dynamics with two variables: the density of myosin molecules bound to F-actin and generating contractile stress, bðx; tÞ, and the constant in space and variable in time density of free myosin, f ðtÞ (Fig. 1) . The idea behind the spatial uniformity of the free myosin density is that unattached myosin molecules diffuse freely and rapidly in the cytoplasm, and their density equilibrates in space on a time scale which is fast compared to the motility processes. We assume that the bound myosin molecules dissociate from F-actin with the constant rate k 1 , and that the free myosin molecules associate with F-actin with the constant rate k 2 ( Fig. 1) . Thus, the density of bound myosin is governed by the following equation
where the last term accounts for the myosin drift together with the actin gel. The natural boundary conditions are
because, as we will see below, myosin always drifts inward away from the edges of the strip. Finally, assuming that the total amount of myosin is conserved and normalized to unity, we have the following constraint, which is the implicit equation for f ðtÞ:
We assume that the myosin motors' force generation is additive, and so the macroscopic continuous active contractile stress, TðxÞ, is linearly proportional to the concentration of bound myosin:
where T 0 is the scale of this stress at the characteristic myosin density. Combining the equations derived above, we obtain the following model system of partial differential equations
with the corresponding boundary conditions:
and constitutive relations and constraints:
Eqs. (19) specify the model system as a non-trivial free-boundary problem, in which the rates of extension of the leading edge and retraction of the rear edge are equal to the respective actin assembly/disassembly rates plus the local rates of deformation of the gel strip. We will see below that the strip always contracts inward, so the effective protrusion rate is decelerated, while the rear retraction rate is accelerated by this myosin powered contraction. Eqs. (13)- (19) constitute the complete consistent mathematical model of the motile gel strip. In the simulations, to avoid numerical instabilities, we also add small ''smoothing'' diffusion terms D q 2 a=qx 2 and D q 2 b=qx 2 to Eqs. (14) and (15), respectively. These terms can also have biological meaning accounting for small random displacements of actin fibers and myosin molecules in the gel.
Model parameters and scaling analysis
The mechanical and chemical properties of migrating cells vary tremendously depending on cell type and biological conditions resulting in an ongoing controversy. Here we use the values of the model parameters based on the most recent and reliable literature and on the data most relevant to rapidly and steadily moving cells, such as fish keratocytes. The model parameters are listed in Table 1 . The gel's elastic modulus and the height of the gel strip (the pseudopod extension) have been directly measured [6] , as have the characteristic speed and size of the cell [2] . The gel's viscosity coefficient can be deduced from the data in Ref. [10] , where the relaxation time for transient mechanical perturbation of the cell of the order of 1 s was measured: the viscosity is of the order of this time multiplied by the elastic modulus. Active contractile myosin stress is of the order of traction force per unit area that the cell applies to the surface measured for a number of cells with a variety of methods [8, 11, 12] . The friction coefficient associated with the cell-surface adhesion has not been measured directly, but its order of magnitude can be estimated by dividing the average traction force by the characteristic local velocities induced by these forces [11, 12] . The characteristic F-actin disassembly rate can be obtained from fitting the simulation results to the data in Ref. [2] , where it is reported that the minimal F-actin density in the middle of the cell is $40250% of the maximal density at the cell's leading edge. Myosin kinetics rates are unknown; we varied them in the simulations a few orders of magnitude. The smoothing diffusion coefficient is chosen so that the characteristic diffusive displacements of both actin and myosin over biologically relevant time scales are much less than the respective drifts.
The natural length scale in the model is L 0 , while the natural time scale is the characteristic relaxation time of the gel equal to m 0 =E 0 . Furthermore, the natural scale for stress is the gel's elastic modulus, E 0 . Scaling all variables with these parameters, we arrive at the following non-dimensional system of equations 
For simplicity, we keep the same notations for the rescaled variables t ! tE 0 =m 0 ; v ! vm 0 =E 0 L 0 , ðu; x; f ; rÞ ! ðu; x; f ; rÞ=L 0 . Deduced from the data in Refs. [11, 12] The model behavior depends on six-dimensionless combinations of parameters that can be estimated using the values listed in Table 1 :
ARTICLE IN PRESS
The values of these dimensionless combinations have the following important biological implications:
(1) The characteristic adhesion force is large compared to characteristic force of deformation of the gel ðs 1 b1Þ. (2) Myosin-powered contraction can cause only slight deformations of the gel ðs 2 51Þ. (3) F-actin depolymerization, myosin kinetics and treadmilling rates at the front and the rear of the cell are all of the same order of magnitude ð$100 sÞ and are much slower than the viscoelastic relaxation of the gel ð$1 sÞ.
This scaling analysis suggests the following qualitative scenario: the viscous properties of the F-actin gel are not important because under stress the gel will relax rapidly (on the scale of seconds) into an elastically deformed state. The great stiffness of the gel compared to the contractile stress (which justifies using linear viscoelasticity theory) makes these deformations very small. The rate of flow of the gel in the lab coordinate system will also be small because of the significant adhesion strength. Therefore, the gel strip will reach an asymptotically stable length on the scale of 100 s and execute almost perfect treadmilling, with both the rear and the front edge advancing with dimensional velocity V d . The stable length of the strip will be
Numerical simulations described below confirm this analysis.
Simulations of the treadmilling gel strip
We integrated Eqs. (20)-(26) numerically using an explicit scheme in time and a generalized Gaussian method [21] to solve for the displacements uðx; tÞ (the equations were discretized similarly to the method in Ref. [16] ) and actin and myosin densities, aðx; tÞ and bðx; tÞ, respectively. At each computational step, the gel's local velocity was computed using a backward difference formula, and the free myosin density was adjusted using formula (25). A grid with uniform spacing of 0.01 ð0:1 mmÞ and a time step small enough to maintain stability were used. We prescribed initial displacements to be zero, the rear boundary to be near the origin of coordinate system, rð0Þ$0, and the cell front to be f ð0Þ$1.
At each computational step, we added the rear (front) boundary displacements defined by Eqs. (26), and when these cumulative displacements became greater than or equal to the distance between spatial grid points, we eliminated the leftmost (added the rightmost) grid point defining the new boundaries of the gel strip. At the newly added grid point, we set the value of the displacement u at the moment of addition to be equal to the displacement of the neighboring existing point at that time.
We also varied the initial length of the cell and perturbed the initial conditions and model parameters in a number of ways. In all simulations, a unique, asymptotically stable pattern of locomotion (Fig. 2) evolved by the time the cell had moved a few body lengths (a few tens of microns in a few minutes). Fig. 2A illustrates how the lamellipodial length and migration velocity equilibrate to constant values. This regulation stems from a negative feedback loop: in a longer cell, the rate of protrusion is reduced, while in shorter cells this rate increases, so that protrusion and retraction are matched. Fig. 2B shows the asymptotically stable stationary distribution of the bound myosin attached to F-actin and generating contraction. As the figure shows, the myosin density is skewed toward the rear of the strip. This is because myosin experiences effective retrograde flow in the coordinate system of the treadmilling strip. This asymmetry qualitatively agrees with observations of myosin concentrating at the rear of the cell [2] [3] [4] . However, in this experimental data, the myosin density appears to be much greater at the narrow region at the rear, while simulations show a smooth distribution across the whole strip. This discrepancy could be due to much slower myosin kinetics, which would require much longer computational time to simulate. Fig. 2C shows the normalized asymptotically stable stationary distribution of F-actin. It is a convex function, maximal at the edges and decreasing to a minimum close to the rear edge of the strip. Its profile compares well to the observed F-actin density across motile cells [2, 6] . The reason for such a distribution is that F-actin disassembles everywhere away from the edges, always drifting to the rear in the coordinate system of the treadmilling strip. Note that the profiles of the gel elastic and viscous coefficients are proportional to that of F-actin. No one has attempted to measure the gradient of viscosity across the cell but the gradient of the elastic modulus in the front half of the cell measured in Ref. [6] fits the model prediction well. Finally, we assumed that the adhesion strength is also proportional to the F-actin density, so we predict high adhesion strength at the front and rear and low strength near the center of the strip. Qualitatively, this is what the observations show in slowly moving cells [22] . In the rapidly moving cells, however, the adhesion strength at the rear is low [5] , which can be explained in the model framework if we assume a low boundary value for the F-actin-density at the rear. (Almost no experimental measurements are made at the rear of the cell, where the cell body interferes with data analysis, so it is difficult to determine a realistic value to use in our simulations.) Fig. 2D shows the normalized asymptotically stable stationary distribution of the F-actin flow rate, vðx À VtÞ, in the lab coordinate system. (The quantity ðx À VtÞ is the traveling coordinate, where V ¼ df =dt ¼ dr=dt is the asymptotically constant rate of strip's migration.) The F-actin contracts flowing backward in the front half of the strip and forward in the rear half, as we expected from the qualitative analysis of the model. The magnitude of the flow is large at the very front and close to the rear (about 15% of the strip length from the rear). The flow decreases at the very rear in the model due to the great strength of adhesion there and the respective decrease in the rate of the gel's movement. Note that the total traction force applied by the contracting strip to the surface, R f ðtÞ rðtÞ bðxÞvðxÞ dx, must be equal to zero. We checked this condition, and it is satisfied with high accuracy. The model predicts that higher traction force will be applied at the front of the cell, lower force at the rear, and still lower at the center, which qualitatively agrees with observations [23] . Importantly, the qualitative flow map agrees with corresponding data [4] , but the data shows a uniform, rather than a graded rate of flow in the front half of the cell, hinting that assumptions about elasticity and adhesion dependence on the actin density in the model are over-simplified.
To test the model's robustness, we varied the dimensionless combinations of parameters (17)- (18) and repeated the simulations. We found that the qualitative nature of the solutions was largely insensitive to the values of the parameters indicating that the model is robust. If we significantly decrease the strength of adhesions and gel elasticity and increase the characteristic myosin contractile stress, then the gel deforms more significantly, and the F-actin flow increases, shortening the motile strip but having little effect on its speed. Also, elastic strain becomes comparable to unity, in which limit the linear theory becomes invalid, so some experimental conditions cannot be simulated with our model.
Simulations of the stationary gel strip
As we mentioned in the introduction, in the lab, the cell fragment can remain stationary, keeping a disk-like shape, with myosin concentrated at the center and F-actin exhibiting slow centripetal flow [3] . In order to model this experiment, we simulated a symmetric 1D gel strip (having mirror symmetry about the center) representing a radial transect of the actual disk-like cell fragment. The center (edges) of the strip correspond to the center (boundary) of the disk. The symmetry is maintained if the initial conditions are symmetric and if the gel growth rate at both ends of the strip is the same. Because of the symmetry, we simulated only half of the strip, the left end of which corresponds to the cell center, and the right end to the cell boundary. We solved Eqs. (20)- (22) numerically as described above, with appropriate changes to the boundary conditions (23)- (26). Namely, at the center of the strip (left edge of the simulated segment), we postulated that the displacement is equal to zero, due to symmetry, instead of the zero stress condition. Also due to symmetry, the fluxes of actin and myosin densities are zero at the left edge of the simulated segment, instead of having prescribed values. In Eqs. (25)-(26), rðtÞ ¼ 0, and the total myosin is normalized by 0.5, rather than 1. We changed the right edge coordinate as described above keeping the left edge fixed at zero.
The results of the simulations are shown in Fig. 3 . Qualitatively, we expect that the strip will contract from the edges to the center, so that the density of actin (myosin) decreases (increases) from the edges to the center. The simulations confirm this intuitively clear prediction (Fig. 3) . The computed profiles of actin, myosin and flow rate in Fig. 3 qualitatively agree with semi-quantitative observations [3] .
An important question is whether the stationary strip maintains a constant size as observed in Ref. [3] . In this case, the rate of gel growth must be equalized by the rate of contraction at the edge. In the simulations, we established that the rate of contraction reaches an asymptotically stable magnitude, and it was easy to keep the length of the strip constant by simply adjusting the value of V 0 , so that the rates of growth and contraction at the edge matched. However, to systematically answer this question, the simulations must be run for a prolonged time, which is precluded by the fact that growing elastic strain reaches values comparable to unity making the model invalid. In principle, a Maxwell viscoelastic model allowing large viscous strains is more appropriate for the description of stationary cells.
Conclusions and future work
Though the general principles of cell crawling have been established for some time [1] , many details remain elusive. Two physical questions that require modeling are: (1) What is the physical nature and the molecular basis of protrusion, retraction, and adhesion? (2) How are these three processes coordinated to achieve the observed shapes and movements of crawling cells? To address these questions, we have developed a 1D model of the actin-myosin system that generates movement in simple crawling cells.
Our model qualitatively reproduces the treadmilling movement of the actin-myosin gel strip with constant length and speed, the stationary contraction of the non-motile symmetric strip, and the experimentally observed distributions of F-actin, myosin and actin flow rate across the strip. We demonstrate that the qualitative features of the motile cells can be explained in the framework of viscoelastic (Kelvin-Voight) gel model assuming that the contraction is proportional to the myosin density and that elastic, viscous and adhesion coefficients are proportional to the F-actin density.
However, the predictive capacity of the model is limited. The problem is that very few crucial assumptions of the model are supported by direct experiments. Detailed biophysical research is needed to verify the model assumptions or to suggest alternatives. The examination of the simulation results suggests that a more general nonlinear viscoelastic model and more complex constitutive relations will be needed to achieve full quantitative agreement between experimental and theoretical results. Furthermore, only the full 2D model, which is much more difficult computationally, will be able to answer biological questions comprehensively. Finally, it would be interesting to theoretically determine the conditions for the symmetry break, when the stationary strip starts treadmilling [3] . This transition would require nonlinear feedbacks between gel growth, stresses and adhesions that are absent in the model at this stage. Despite its shortcomings, our present model is an important step in understanding the biophysics of the motile cell. 
